A domain R is called residually integrally closed if R/p is an integrally closed domain for each prime ideal p of R. We show that residually integrally closed domains satisfy some chain conditions on prime ideals. We give characterization of such domains in case they contain a field of characteristic 0. Section 3 deals with domains R such that R/p is a unique factorization domain for each prime ideal p of R, these domains are showed to be PID. We also prove that domains R such that R/p is a regular domain are exactly Dedekind domains
Introduction
All rings in this paper are assumed to be integral, commutative with identity, and the terminology is, in general, the same as that in [7] , [8] .
The quotient field of a ring R is denoted by qf(R), its Krull dimension by dimR. R' will always be used to denote the integral closure of a ring R in its quotient field. We denote by i?[n] the polynomial ring in n indeterminates over R. If p is a prime ideal of R, we denote by htp its height.
Notice that if R is an integrally closed domain (even a UFD) and p is a prime ideal of R, then R/p may be not integrally closed. For instance, let
R = Z[X],p = (X 2 + 4)Z[X] and S := {a + 2bi \ a,b G Z and i 2 = -1}. The domain R/p is isomorphic to 5; but it is not integrally closed since i € qf(S), i is integral over Z but i g S.
Our concern in Section 2 is primarily with domains R such that R/p is integrally closed for each prime ideal p and we call them residually integrally closed domains (for short RICD). In Proposition 2.1 we show that each integrally closed pseudo-valuation domain is a RICD. In Proposition 2.3 we show essentially that if R contains a field of characteristic 0, then R is a RICD if and only if for each prime ideal p of R and for each upper P to p containing a monic polynomial, there exists a monic polynomial
. Proposition 2.6 gives another characterization of such domains which are supposed to be UFD. Recall that a domain R is said to be a unique factorization domain (or UFD), if each nonzero element of R is, in an essentially unique way (i.e., up to units), a product of irreducible ones. It is well known that a UFD is integrally closed. In spite of the simplicity of these notions, many problems concerning them have remained open for many years. For example the fact that every regular local ring is a UFD has been conjectured in the early 40's, many partial results in this direction have been proved, but the general case has been settled only in 1959 by M. Ausländer and D. Buchsbaum [1] . Section 3 is concluded with the study of residually unique factorization domains (for short RUFD) (resp., residually regular domains or RRD) , that is, the domains R such that R/p is a UFD (resp., a regular domain) for each prime ideal p of R. Our initial line of inquiry was suggested by pointing out a relationship between this kind of domains and regular domains. More precisely, we prove that RUFD are precisely PID and RRD are Dedekind domains.
Residually integrally closed domains
Let R be an integral domain. As noticed in the introduction, if R is an integrally closed domain and p is a prime ideal of R, then R/p may be not integrally closed. Our purpose in this section is to study the domains R such that R/p is integrally closed for each prime ideal p of R and we call them residually integrally closed domains (for short RICD). Notice that a one-dimensional integrally closed domain is a RICD. Recall from [6] that a domain R is said to be a pseudo-valuation domain in case each prime ideal p of R is strongly prime, in the sense that whenever x, y € qf(R) satisfy xy 6 p, then either x 6 p or y € p, equivalently, in case R has a (uniquely determined) valuation overring V such that Spec(R) = Spec(V) as sets equivalently (by [ 
Proof. (i)=>-(ii). This is trivial.
(
Thus there exist ao, ai,..., a"_i 6 R such that x n = a n _i x n~1 + ... + ap; + ao. Hence x n = a n _ix n~l + ... + a\x + ao + r, where r € p. Therefore x is integral over R and as R is integrally closed we get x 6 R. So x e R/p which proves that R/p is integrally closed.
•
In what follows, we try to collect more information on residually integrally closed domains. We recall that if p is a prime ideal of R and if P is a prime ideal in the polynomial ring i?[X], then we call P an upper to p in
In the following, we show that each RICD satisfies some chain conditions on prime ideals.
PROPOSITION 2.2. Let R be a RICD, then the following hold: (i) for each chain of primes of R : (0) C p C q and for each upper P to p such that P there exists an upper Q to (0) such that P is the unique upper to p containing Q and moreover Q q[X];
ii) for each prime ideal p of R and for each upper P to p containing a monic polynomial, there exists a monic polynomial f(X) € R[X] such that P = Rad((p,f(X))R[X]).
Proof, (i) Follows immediately from [12, (3.1) ].
(ii) Let P be an upper to p containing a monic polynomial, then P/p[X] is an upper to (0) in (R/p)[X] containing a monic polynomial. Thus by [10, (2.4 
)], P/p[X] is generated by a monic polynomial f(X). Hence P = p[X] + f(X)R[X]. Thus P = Rad\(p, f(X))R[X]). »
Let p be a nonzero prime ideal of R and Q an upper to (0). We denote by [Q, -> [p the set of all uppers P to p containing Q. Proof. (i)=>(ii). Let P be an upper to p containing a monic polynomial, there exists a monic polynomial f(X) € such that
P = Rad((pJ(X))R[X]).
Let Q be a prime ideal of with Q C P and with Q minimal over f(X)R [X] , By [9, Lemma 3] , Q is an upper to (0) containing a monic polynomial. We already have
[p, then f(X) E Q C P' and p C P' so P = Rad((p, /(X))i?[X]) C P'. As P and P' are both uppers to p, P' = P. Thus [Q,
[P = {P} so that (ii) holds. (ii)=>(i). Let P be an upper to p containing a monic polynomial. By (ii), there exists an upper Q to (0) containing a monic polynomial such that [Q, -> [p= {P}. Since R is integrally closed, there is a monic polynomial f(X) E such that Q = Rad(f(X)R[X}).
We claim that P = Rad((p,f (X))R[X]). Let P' be a prime ideal minimal over (p, f(X))R[X].

By [9, Lemma 3] (used modulo p ), P' is an upper to p,. Since Q = Rad(f(X)R[X})
C P', we have P' e [Q,^ [p= {P}. Thus P' = P which proves the claim. • 
Proof of Proposition 2.3. (i)=»(ii). This follows from Proposition 2.2. (ii)^(iii). This follows readily from Lemma 2.5 (ii)=r>(i). Assume that R/p is not integrally closed for some p 6 Spec(R).
Proof. (i)=>(ii). See Proposition 2.2 (ii)=i>(i). This is
RUFD and RRD
Let (R, M) be an r-dimensional Noetherian local ring. If we set R/M = k, the smallest number of elements needed to generate M itself is equal to rankk(M/M 2 ); (here rankk is the rank of a free module over k, that is the dimension of M/M 2 as vector space). This number is called the embedding dimension of R, and is written embdimR. In general dimR < embdimR, and equality holds when M can be generated by r elements, in this case R is said to be a regular local ring, and a system of parameters generating M is called a regular system of parameters. A Noetherian domain R is said to be regular if Rp is a regular local domain for each prime ideal p of R.
Recall that a unique factorization domain (or UFD) is an integral domain in which every element ^ 0 is, in an essentially unique way (i.e., up to units), a product of irreducible ones. It is well known that a regular local domain is a UFD [1] but the converse does not hold. We notice that if R is a UFD (resp., regular) and p is a prime ideal of Z?, then R/p may be not UFD (resp., regular). Thus we deal here with the study of domains R such that R/p is UFD (resp., regular) for each prime ideal p of R and we call them residually unique factorization domains (for short RUFD) (resp., residually regular domains or RRD).
We establish the following two theorems characterizing RUFD and RRD. We are very grateful to Professor Luchezar Avramov for his help and comments concerning these results. Proof. Clearly a Dedekind domain is a RRD.
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(i)=*-(ii). Under the assumption (i), R is a Noetherian domain. Let us prove that R is a Dedekind domain. Indeed, then R = R/(0) is itself regular, so we need to prove that every prime ideal has height 1. If not, then R has a prime p of height 2. The local ring T = Rp is then regular of dimension 2. Every height 1 ideal q of T is principal, say q = (/). Choose one with / contained in the square of the maximal ideal of T (this is always possible). The local ring T/(f) then is not regular. It is also a localization of some R/p, so we have a contradiction. • (ii)=i>(i). Obviously, condition (ii) is stable by passage to the quotient, hence it suffices to prove that R is a UFD. Since R is locally finite dimensional, every nonzero prime ideal in R contains a principal prime. Thus, following [7, Theorem 5] , R is a UFD.
(ii)=>-(iii) Under condition (i) or (ii), one may prove that R is RRD. For this end let p 6 Spec(R) and (0) C p\ C ... C pk = P be a saturated chain of prime ideals of R arising at p. Since htp\ = 1, then there exists an element ai € R such that p\ -a\R. Hence ai is a prime element. The ideal P2/P1 is principal in R/pi, thus there exists 02 € R such that P2/P1 = a^iR/pi)-Hence P2 = a^R + a\R. The same argument used permits one to construct ai, ü2, ..., afe 6 R such that pi = a\R + ... + aji? for each i E {1,..., k}. Hence p is generated by k elements of R. Hence R is regular.
Therefore, following Theorem 3.1, R is a Dedekind domain. Finally, R is a Dedekind domain in which every maximal ideal is principal, so that R is a PID.
(iii) (ii) A triviality.
